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Abstract— BitTorrent is the most successful peer-to-peer system.
Researchers have studied a number of aspects of the system, includ-
ing its scalability, performance, ef�ciency and fairness.However, the
complexity of the system has forced most prior analytical work to
make a number of simplifying assumptions,e.g. user homogeneity,
or even ignore some central aspects of the protocol altogether, e.g.
the rate-based Tit-for-Tat (TFT) unchoking scheme, in order to keep
the analysis tractable.

Motivated by this, in this paper we propose two analytical models
that accurately predict the performance of the system without
compromising on the realism of the modelling methodology. Our
�rst model is a steady-state one, in the sense that it is validduring
periods of time where the number of users remains �xed. Freed
by the complications of user time-dynamics, we account for all the
details of the BitTorrent protocol and accurately predict a number
of performance metrics. Our second model combines prior work on
�uid models with our �rst model to capture the transient beha vior
as new users join or old users leave, while fully modelling all major
aspects of BitTorrent. Finally, we use our analytical methodology
to introduce and study the performance of a �exible token-based
scheme for BitTorrent, show how this scheme can be used to fully
block freeriders and tradeoff between higher-bandwidth and lower-
bandwidth users performance, and evaluate the scheme's parameters
that achieve a target operational point.

Index Terms— Heterogeneous P2P networks, BitTorrent, perfor-
mance analysis, token-based scheme, fairness/delay tradeoff.

I. I NTRODUCTION

Peer-to-peer (P2P) systems provide a powerful infrastructure
for large scale distributed applications, such as �le sharing. This
has made them very popular, for example, 43% of the Internet
traf�c is P2P traf�c [1]. Among all P2P systems, BitTorrent is
the most prevalent one, since more than 50% of all P2P traf�c is
BitTorrent traf�c [2].

The BitTorrent system is designed for ef�cient large scale
content distribution. The complete BitTorrent protocol can be
found in [3], [4]. We summarize the main functionality here.
BitTorrent groups users by the �le that they are interested in. In
each group there exists at least one user, called seed, who has the
complete �le of interest. The seed is in charge of disseminating
the �le to other users, called leechers, who do not have the �le.
When disseminating the �le, BitTorrent partitions the whole �le
into a large number of blocks and then the seed starts uploading
blocks to its neighbors. Meanwhile, users of the group exchange
the blocks they have with their neighbors. As a result, the service
capacity of the system is enlarged. When a user has all the blocks
of the �le, he/she �nishes the download process and becomes a
potential seed.

There are several features making BitTorrent successful. First
and foremost is the idea to partition �les into large number of
blocks. Another more subtle feature is the rate-based Tit-for-
Tat (TFT) unchoking scheme. According to this scheme, a user
uploads data to those neighbors who provide him/her the highest

download rates and to one more, randomly selected neighbor,via
a process called optimistic unchoking. This scheme is usually
successful in penalizing freeriders, which are users that do not
provide uploads to others, because they get choked. Note however
that if a freerider connects to a large number of users, the
aggregate rate that it can enjoy via optimistic unchoking can be
substantial [5].

BiTorrent's success has motivated researchers to study howit
performs [2], [6], [7], [8], [9], [10], [11], [12], design additional
incentive schemes for it [5], [13], collect traf�c measurements
[14], [15], [16], [17], and investigate fairness issues associated
with it [18], [19], [20]. However, despite the signi�cant interest
for the system, the majority of the proposed analytical models
make a number of simplifying assumptions,e.g.user homogeneity
(i.e. all users have the same link capacities which is in sharp con-
trast to the reality of dial-up, DSL/cable, and LAN connections),
or even ignore some central aspects of the protocol altogether,
e.g. the TFT unchoking scheme, in order to keep the analysis
tractable. This is not surprising given the system's complexity.
However, such assumptions, may prohibit the resulting models to
accurately capturing the real system behavior [16], [18].

With this in mind, in this paper we propose two analytical
models that accurately predict the performance of the system
without compromising on the realism of the modelling method-
ology. Our �rst model is a steady-state one, in the sense that
it is valid during periods of time where the number of users in
the system remains �xed. Freed by the complications of user
time-dynamics, this model accounts forall the details of the
BitTorrent protocol, including TFT and optimistic unchoking,
and can accurately predict a number of performance metrics
including the user download rates and the �le download delays.
We demonstrate that this model is applicable to one of the most
common scenarios in BitTorrent: the �ash crowd scenario, where
most of the users join the system in a short time period just after
a new �le has been released [16], [18]. A preliminary version
of this model has appeared in [21], where we have assumed that
there exist two classes of users in the system: high-bandwidth
and low-badwidth users. Here, we show how the model can be
extended to more (three) classes of users. Given that the model
complexity increases fast as a function of the number of classes,
and that in reality there are mainly three classes of users (dial-up,
DSL/cable, and high speed [1], [18]), we believe three classes are
the best tradeoff between tractability and realism.1

Our second model builds upon prior work on �uid models for
BitTorrent, see, for example, [6], which are traditionallyused to
capture the system's transient behavior and time-dynamics, as
new users join or old users depart. Using the techniques and

1Other differences between the model in [21] and our �rst model in this paper
include (but are not limited to) the ability to account for multiple seeds, and an
arbitrary number of concurrent connections.



intuition from our �rst model, we propose a �uid model that
achieves the same goal as prior �uid models while accurately
accounting for central properties of the BitTorrent protocol, e.g.
the TFT unchoking scheme. This model can be used for steady-
state scenarios like the �rst one, but it is slightly less accurate.
One of its main strengths lies in that it can also be used for non
�ash-crowd scenarios, where new users keep joining the system
for a long time after the release of a �le, and, in general, in any
situation where the user population changes over time. Further, in
contrast to our �rst model, it can easily account for any number
of classes of users, while keeping the analysis simple.

Finally, as an example of how to use our analytical methodol-
ogy to study variations of the basic BitTorrent scheme and make
design decisions, we propose a simple and �exible token-based
TFT scheme for BitTorrent. In the proposed scheme, which is
inspired by our prior work on incentive schemes for P2P systems
[22], [23], users use tokens as a means to trade �le blocks. Each
user maintains a token table which keeps track of the amount
of tokens his/her neighbors possess. A user increases his/her
neighbor's tokens for every byte he/she downloads from the
neighbor. The user decreases a neighbor's tokens for every byte
he/she uploads to the neighbor under study. A user would upload
a block to his/her neighbor only if the neighbor has suf�cient
tokens to perform the download.

We show that the above scheme can be used to tradeoff between
high overall system performance and fairness to higher bandwidth
users. In particular, we show that under the appropriate parameter
tuning, higher bandwidth users will provide more uploads than
usual to lower bandwidth users, which tends to improve the over-
all average download delay but worsen the perceived performance
by higher bandwidth users. We also use our analytical modelsto
compute the parameter values of the token-based scheme that
achieve a target operational point. Another bene�t of the token-
based scheme that we discuss is its ability to effectively penalize
freeriders, since users that do not offer uploads do not accumulate
tokens and, in the absence of optimistic unchoking, they cannot
perform any downloads.

To summarize, the contributions of this paper are as follows: (i)
We extend our steady-state model presented in [21] to account for
more (three) classes of users, multiple seeds, arbitrary number of
concurrent connections, and other parameters of the real protocol;
(ii) we introduce a new �uid-based model that combines prior
work on �uid-model analysis with techniques from our �rst
model, to accurately capture user time-dynamics and ef�cienlty
account for any number of user classes; (iii) we use the analytical
methodology to assess the impact of our proposed token-based
TFT scheme to freeriders and to the performance of different
classes of users; and (iv) we compare our models to prior work
and highlight in which scenarios the assumptions made by prior
work lead to sizable inaccuracies.

The rest of this paper is organized as follows: In Section II we
brie�y discuss related work. In Section III we review the current
BitTorrent implementation in more detail, and provide a detailed
description of the proposed token-based scheme. In SectionIV
we present our �rst model, and in Section V our second model.
In both of these sections we �rst study the original BitTorrent
system, and then proceed with the token-based system. In Section
VI we present extensive simulation results in order to validate the
accuracy of our models. In Section VII we compare our models
with some of the most representative models in the literature.
Conclusions and future work directions follow in Section VIII.

II. RELATED WORK

B. Cohen, the author of BitTorrent, gives a thorough intro-
duction to the BitTorrent system in [3]. The paper describes
the BitTorrent protocol, the system architecture and the incentive
scheme built in the BitTorrent system.

There is a large body of work that studies the ef�ciency and
the popularity of BitTorrent via measurements,e.g.[5], [12], [16].
[6] proposes a �uid model to describe how the population of
seeds and leechers evolves. [2], [8], [9] extend the above model
to study BitTorrent's performance under different user behaviors
and different arrival processes. Further, [7] and [10] extend this
model to study BitTorrent's performance under heterogeneous
environments. Other interesting analytical results that are less
relevant to our work include [11] which proposes a model to
study the peer distribution and uses a dying process to study
the �le availability in BitTorrent, [24] which uses �uid models
to study the distribution of the �le transfer time in genericP2P
systems that have some similar characteristics to BitTorrent, and
[25] which uses a branching process to study the service capacity
of such systems.

Despite the large body of work on modeling BitTorrent's
performance, the majority of the studies make a number of
simplifying assumptions in order to keep the analysis tractable.
For example, the studies in [2], [6], [8], [9] consider homoge-
neous network environments only, where users have the same
link capacities. This is clearly an unrealistic assumptiongiven
Internet's heterogeneity. Those studies that consider heterogeneity
make other simplifying assumptions, for example [7] completely
ignores BitTorrent's TFT scheme, and [10] models only some
aspects of it. (See Section VII for details.) Since BitTorrent's
TFT scheme is one of the main features responsible for its great
success, it is essential to accurately account for it.

Our models accurately predict the performance of the BitTor-
rent system in both steady state and dynamic scenarios, under
minimal assumptions, without compromising on the realism of the
modeling methodology. In particular, we consider aheterogeneous
BitTorrent-like system, where users are grouped into different
classes according to their link capacities, andfully model all the
important aspects of the system, including the TFT scheme.

Our proposed token-based TFT scheme is inspired by our prior
work on incentive schemes for Gnutella-like P2P systems [22],
[23]. Both the analysis and implementation of the token-based
scheme, as well as what the scheme can accomplish in BitTorrent-
like systems, differs from our prior work [22], [23], as we explain
in detail in the next Section. Our proposed token-based TFT for
BitTorrent degenerates to the block-based TFT scheme proposed
in [18] when nodes gain tokens for uploading a byte at the same
rate that they use tokens to download a byte. Hence, our scheme
is much more general and �exible. Further, while the work in
[18] studies the performance of the block-based TFT scheme
via simulations, we extend our mathematical models to predict
the performance of the token-based scheme and the block-based
scheme as a special case.

Finally, our token-based scheme allows us to investigate two re-
cent, interesting problems related to BitTorrent. The �rstis about
the relative performance perceived by lower and higher bandwidth
users. We show how our models can be used to decide on the
scheme parameters that achieve a target tradeoff between the
perceived performance of lower-bandwidth and higher-bandwidth
users, by making higher-bandwidth users offer more/less uploads
than usual to lower-bandwidth ones. The second is about freerid-
ers. [5], [13], [26] have shown that despite the built-in incentive



scheme in BitTorrent, skillful freeriders can still bene�tfrom the
system by connecting to many users and relying on optimistic
unchoking. We show how our scheme can be used to block such
skillful freeriders, motivate them to offer uploads, and asa result
improve the overall performance of the system.

III. PRELIMINARIES

A. Original BitTorrent

We now describe in detail the main functionality of the Bit-
Torrent system. Recall that BitTorrent groups users by the �le
that they are interested in. When a user is interested in joining a
group, he/she �rst contacts the tracker, a speci�c host thatkeeps
track of all the users currently participating in the group.The
tracker responds to the user with a list containing the contact
information ofL randomly selected peers. (Typical values forL
are 40 � 60 [4].) After receiving the list, the user establishes a
TCP connection to each of theseL peers, which we refer to as
the user'sneighbors.

As mentioned earlier, when disseminating the �le, BitTorrent
partitions the whole �le into a number of blocks. Neighbors
exchange block availability information and messages indicating
interest in blocks. The BitTorrent protocol uses a Local Rarest
First (LRF) algorithm to determine which blocks to download
�rst. It has been shown that the LRF algorithm can ef�ciently
increase the availability of rare blocks and prevent the last block
problem [3], [18]. In addition, it uses a rate-based TFT scheme to
determine to which neighbors a user should upload blocks to.The
rate-based TFT scheme proceeds as follows: time is slotted into
T = 10 second intervals and each such time-interval is called
an unchoking period. At the end of each unchoking period a
user makes achoking/unchokingdecision. The choking/unchoking
decision proceeds as follows: First, the user computes for each
of the neighbors that are interested in downloading a block from
him/her, the average download rate that he/she receives during the
last2T = 20 seconds. Then, he/she selects to provide uploads to,
i.e. to unchoke, a numberX of his/her neighbors who provided
him/her the best download rates, with ties broken arbitrarily. (By
default,X = 4 . ) If the user chooses not to provide uploads to a
neighbor, we say that the neighbor is choked. Finally, the user also
randomly selects another neighbor to provide uploads to. This last
(random) selection process is calledoptimistic unchoking. Hence,
at any time instance a user is concurrently uploading toZ = X +1
neighbors. The following rules are also adopted by the scheme.

Let's call the neighbor that was selected at the last optimistic
unchoking, anoptimistic unchoking neighbor, and suppose that
the last optimistic unchoking (and hence the end of the last
unchoking period) took place at timet1 seconds. Now, suppose
that the end of another unchoking period occurs at some timet2
seconds, wheret2 = t1 + nT seconds forn � 1; T = 10. Then,
if at time t2 the optimistic unchoking neighbor belongs to the
set of theX neighbors who provide the user the best download
rates (and hence they will be unchoked), the user performs a new
optimistic unchoking. Otherwise: (i) ift2 < t 1 + 3 T seconds, the
user does not choke the optimistic unchoking neighbor and does
not perform a new optimistic unchoking, and (ii) ift2 � t1 + 3 T
seconds, the user chokes the optimistic unchoking neighborand
performs a new optimistic unchoking. We call this3T = 30
second time-interval anoptimistic unchoking period.

This TFT scheme discourages free-riders because they will
keep getting choked if they do not provide uploads to their
neighbors. Further, it gives the opportunity to new users tostart

downloading from the system even if they do not have enough
blocks to exchange, in which case the download rate they provide
is low. Finally, notice that the scheme allows a user to discover
good neighbors, i.e. neighbors who provide him/her with high
download rates, and exchange data with them. Therefore, users
who have high upload link capacities tend to exchange data with a
larger number of high capacity users. And users with low upload
link capacities tend to exchange data with a larger number oflow
capacity users. Hence, in a sense the system is designed to befair
to each class of users.

B. Token-enhanced BitTorrent
The process by which a new user discovers neighbors in the

proposed token-based system (which we also refer to asToken-
enhancedBitTorrent) is exactly the same as in the original
BitTorrent system. Further, again, the �le is partitioned into
blocks and neighbors exchange block availability information and
messages indicating interest in blocks.

As mentioned earlier, in the token-based scheme users use
tokens as a means to trade blocks. In particular, each user
maintains a token table which keeps track of the amount of tokens
his/her neighbors possess. When the user uploadsX up bytes to a
neighbor, he/she decreases the neighbor's tokens byK down X up .
On the other hand, the user increases a neighbor's tokens by
K up X down if he/she downloadsX down bytes from the neighbor
under study. Notice that a user does not have access to his/her
amount of tokens since this is maintained by his/her neighbors.

Under the proposed scheme each user decides to which (of
the interested) neighbors he/she will upload blocks to, every
10 seconds, which equals the unchoking period in the original
BitTorrent system. In particular, every10 seconds the user �rst
checks which of his/her neighbors have enough tokens to perform
the download of a block. If there are more thanZ neighbors
having enough tokens, then the user randomly selectsZ of them
to upload to. IfZ or fewer neighbors have enough tokens the user
provides uploads only to them. If a neighbor runs out of tokens
while downloading from the user, then the user stops uploading
to the neighbor immediately after the current block transfer is
complete, and randomly selects to upload to some other neighbor
who has enough tokens. Finally, we initialize the token table of
each user with an amount of tokens that suf�ces to download
one block. The reason of giving initial tokens is to allow users
download data when they �rst join the system.

Note thatK up and K down are relative values. Therefore, the
proposed scheme actually has only one design parameter. We will
show that whenK up = K down , the token-enhanced BitTorrent
system makes the aggregate upload rate of a leecher to equal
its aggregate download rate, and degenerates to the block-based
scheme introduced in [18]. Further, when each leecher connects
to suf�cient neighbors with the same capacity, the originalTFT
scheme yields similar performance with the token-based scheme
whenK up = K down . We will also show that asK up increases, the
overall download delay of the token-enhanced BitTorrent system
can get signi�cantly smaller than that of the original BitTorrent
system, by making higher bandwidth users connect to more lower
bandwidth users than usual. Finally, we will show that the token-
based scheme eliminates the problem of freeriders which exploit
optimistic unchoking in the original BitTorrent, since such users
cannot accumulate any tokens.

The idea behind our proposed token-based scheme is the same
as in our previous work on improving performance in Gnutella-
like systems by preventing freeriding [22], [23]. The differences



here are the following. First, since BitTorrent-like and Gnutella-
like P2P systems differ signi�cantly in many aspects, our math-
ematical model for the token-enhanced BitTorent is completely
different from the model in [22], [23]. Second, here, in addition to
preventing freeriders, we also study how the token-based scheme
can be used to improve BitTorrent's overall performance, even
if no freeriders were initially present in the system. And �nally,
while in Gnutella-like systems a centralized mechanism is needed
for storing and updating the number of available tokens for
each user, in BitTorent-like systems, as explained earlier, this
is performed at each user's neighbors, which makes the scheme
more scalable and robust.

IV. STEADY STATE ANALYSIS

In this section we propose a mathematical model to study the
performance of a BitTorrent-like system when the number of
leechers and seeds in the system is assumed to remain constant
over a relatively long period of time. This is the case in �ash
crowd scenarios [16], [18]. (In the next section we also study
user dynamics.)

We �rst study the user download rate and then proceed with
the �le download delay, which is de�ned as the time difference
between the moment that a user (leecher) joins the system and
the moment that the user downloads the complete �le. The model
incorporates users with heterogeneous capacities and considers
all details of the BitTorrent protocol. In [21] we have presented a
model assuming two classes of users. Here, we show how it can be
extended to more classes. In particular, we assume that there exist
three classes of users: (i) high-bandwidth (H-BW) users, who
have a high upload link capacity, (ii) medium-bandwidth (M-BW)
users, who have a medium upload link capacity, and (iii) low-
bandwidth (L-BW) users, who have a low upload link capacity.
(The �uid-based model introduced in the next section accounts for
arbitrary many classes of users.) We denote byN the total number
of leechers in the system and bypH , pM , andpL the percentage
of H-BW, M-BW, and L-BW leechers respectively. We start our
analysis with the original BitTorrent system and then proceed
with the token-enhanced system. Due to space limitations, we
will present the detailed derivation for some of the mathematical
formulas of the model, and omit the details for others, whose
exact derivation follows a similar procedure. Complete derivation
details for all formulas can be found in [27].

A. Computing the User Download Rates in the Original Bit-
Torrent System

Let nd
iH (t) be a random process denoting the number of H-

BW neighbors that leecheri is downloading from at timet.
Since leechers can be either H-BW, M-BW, or L-BW and the
statistics governing the leechers within each group are thesame,
let nd

HH (t), nd
MH (t), andnd

LH (t) be the random process denoting
the number of H-BW neighbors that a H-BW, M-BW, and L-
BW leecher is downloading from respectively. Our analysis is
valid in periods of time where this process is stationary (or, by
slightly abusing terminology, in steady-state), and we work with
the average value of this process denoted bynd

HH , nd
MH , and

nd
LH . (See Figure 2 for a graphical representation of the periodsof

time that we assume stationarity to hold in case of a �ash crowd
scenario.) In general, letnd

ij i; j 2 f H; M; L g be the average
number ofj -BW neighbors that ai -BW leecher is downloading
from, and denote byD ij the corresponding average download
rates. Finally, letDS be the average download rate that a leecher

can receive from the seed(s). Now, ifRdownH , RdownM , and
RdownL denote the aggregate download rate of a H-BW, a M-
BW, and a L-BW leecher respectively, it is easy to see that:

RdownH = nd
HH DHH + nd

HM DHM + nd
HL DHL + D s; (1)

RdownM = nd
MH DMH + nd

MM DMM + nd
ML DML + D s; (2)

RdownL = nd
LH DLH + nd

LM DLM + nd
LL DLL + D s: (3)

Because all leechers in the system are equally likely to be
downloading �le blocks from the seeds, we can writeDS = CupS

N ,
whereCupS is the aggregate upload link capacity of the seeds.

Our end-goal is to compute the user download delays which re-
quires the computation of the download ratesRdownH , RdownM ,
andRdownL . Hence, we need to calculate the values of the param-
etersnd

ij and D ij for all i; j 2 f H; M; L g. Since the BitTorrent
protocol speci�es the rules according to which a user chooses
a neighbor to provideuploads to, it is more natural to work
with quantities that describe the upload rather than the download
dynamics, and then go from the former to the later. With this in
mind, denote bynu

ij i; j 2 f H; M; L g the average number ofj -
BW neighbors that ai -BW leecher is uploading to, and letUij be
the corresponding average upload rates. The connection between
download and upload parameters is the following. First, notice
that D ij = Uji for all i; j 2 f H; M; L g. Further, in any system
the total number of upload connections equals the total number of
download connections. For example, the total number of upload
connections provided by H-BW leechers to L-BW leechers equals
the total number of download connections that L-BW leechers
receive from H-BW leechers. Thus, we can writend

LH = n u
HL pH

pL
.

More generally,nd
ij =

n u
ji pj

pi
for all i; j 2 f H; M; L g. Therefore,

what remains is to computenu
ij andUij for all i; j 2 f H; M; L g.

First, letRupH , RupM , andRupL be the aggregate upload rate
of a H-BW, a M-BW, and a L-BW leecher respectively, andCupH ,
CupM , andCupL be the upload link capacity of H-BW, M-BW
and L-BW leechers respectively. As in [21], it is not unrealistic
to assume that all upload links are fully utilized. This means that
RupH = CupH , RupM = CupM , RupL = CupL , and it is easy to
see that:

CupH = nu
HH UHH + nu

HM UHM + nu
HL UHL ; (4)

CupM = nu
MH UMH + nu

MM UMM + nu
ML UML ; (5)

CupL = nu
LH ULH + nu

LM ULM + nu
LL ULL : (6)

We need 15 more equations (in addition to Equations (4)...(6)) in
order to compute our unknowns.2 The �rst three are trivial. IfZ
is the number of neighbors that a user in BitTorrent is uploading
to at any time instance (by defaultZ = 5 ) then:

nu
HH + nu

HM + nu
HL = Z; (7)

nu
MH + nu

MM + nu
ML = Z; (8)

nu
LH + nu

LM + nu
LL = Z: (9)

Taking the speci�cs of BitTorrent into consideration, Lemma 1
later in this section shows how to computenu

HM , nu
HL , andnu

ML
and Lemma 2 shows the way to computenu

MH , nu
LH , andnu

LM .
With these quantities known, one can also computenu

HH , nu
MM ,

andnu
LL from Equations (7)...(9).

Before proceeding in computing the aforementioned vari-
ables, let's �rst write the relationships betweenUij 's for i; j 2
f H; M; L g. For ease of analysis and since peer to-peer traf�c

2In general, if there aren classes of users, one would need to solve a system
of (n + n) � n = 2 n2 equations. This is because each classC 2 f 1:::n g is
characterized byn variables dictating the number of users from each class thata
member of classC is uploading to on average, andn corresponding upload rates.



is transferred via TCP connections, we assume that the upload
capacity of a user will be fairly shared among concurrent upload
connections. (This is a working assumption, also made in many
other studies of P2P systems,e.g. see [28]. Note that this
assumption implies that each user in the system has enough
download capacity to fully utilize its share of the upload capacity
of any other user.) Therefore, it is easy to see that:

ULH = ULM ; (10)

ULH = ULL ; (11)

UMH = UMM ; (12)
UMH = UML ; (13)

UHH = UHM ; (14)
UHH = UHL : (15)

1) Computingnu
HL , nu

ML , andnu
HM : We start with nu

HL ,
which is the average number of L-BW leechers that a
H-BW leecher provides uploads to. LetL be the total
number of a leecher's neighbors and assume that all of these
neighbors are interested in a block that the leecher under study
possesses.3 Further, denote byT rinomial (N; p1; p2; k1; k2)
the Trinomial distribution function with parametersN ,
p1, and p2, that is, T rinomial (N; p1; p2; k1; k2) ��

N
k1

� �
N � k1

k2

�
pk1

1 pk2
2 (1 � p1 � p2)(N � k1 � k2 ) . Then,

nu
HL is given by the following lemma:
Lemma1:

nu
HL =

LX

k=0

L � kX

j =0

n1(j; k )P1(j; k ); (16)

where:

n1(j; k ) =

(
L � j � k
L � Z +1 if j + k � Z ,
Z � k � j otherwise.

and:

P1(j; k ) = Pf havej M-BW and k H-BW neighbors out of Lg

= T rinomial (L; pM ; pH ; j; k ):

Proof: First recall that pM and pH are the per-
centage of M-BW and H-BW leechers in the system.
Since the neighbors' list consists of a random selection
of H-BW, M-BW, and L-BW leechers, it is easy to
see thatPf havej M-BW and k H-BW neighbors out of Lg =
T rinomial (L; pM ; pH ; j; k ), where j + k � L . The variable
n1(j; k ) represents the average number of L-BW leechers that
a H-BW leecher, say leecher� , is uploading to, given that it
currently hask and j H-BW and M-BW neighbors respectively.
More precisely, since� provides uploads toZ of his/her neigh-
bors, we distinguish two cases: (i)j + k � Z , and (ii) j + k < Z .
First, consider case (i) and recall how BitTorrent's TFT scheme
works (see Section III). It is easy to see that in this case� may be
uploading to at most one L-BW leecher at any time instance. This
L-BW leecher is randomly selected (via optimistic unchoking)
with probability L � k � j

L � Z +1 . Now consider case (ii). In this case�
is uploading to exactlyZ � k � j L-BW leechers at any time
instance, as he/she does not have any other higher bandwidth
neighbor that he/she could provide uploads to. It is now easyto
see thatnu

HL is given by Equation (16).

3It has been demonstrated that �le sharing in BitTorrent is very effective, i.e.,
there is a high likelihood that a node holds a block that is useful to its peers,
e.g. see [18]. This is partially due to the local rarest �rst (LRF)block selection
algorithm that BitTorrent uses to disseminate blocks.

In a similar manner,nu
ML can be computed as follows [27]:

nu
ML =

LX

i =0

L � iX

j =0

n2(i; j )P2(i; j ); (17)

where:

n2(i; j ) =

(
i

L � Z +1 if j � Z ,
(Z � j ) i

L � j otherwise.

and:

P2(i; j ) = Pf havei L-BW and j M-BW neighbors out of Lg
= T rinomial (L; pL ; pM ; i; j ):

And �nally, by noticing that H-BW leechers will prefer M-BW to
L-BW leechers when they do not have suf�cient H-BW neighbors
to upload to, it is easy to see thatnu

HM is given by the following
equation [27]:

nu
HM =

LX

k=0

L � kX

j =0

n3(j; k )P1(j; k ); (18)

where:

n3(j; k ) =

8
><

>:

j
L � Z +1 if k � Z ,
Z � k � 1 if k < Z and j � Z � k � 1,
j otherwise.

and:

P1(j; k ) = Pf havej M-BW and k H-BW neighbors out of Lg
= T rinomial (L; pM ; pH ; j; k ):

2) Computingnu
LH , nu

LM , andnu
MH : We start with nu

LH ,
which is the average number of H-BW leechers that a L-BW
leecher provides uploads to. For this we need to consider the
details of BitTorrent's TFT mechanism. First, recall from Section
III that the optimistic unchoking period is30 seconds, the rate
observation window is20 seconds, and users make their choking
decision everyT = 10 seconds. Suppose that a H-BW leecher
j selects a L-BW leecheri via optimistic unchoking at timet0,
as shown in Figure 1. According to BitTorrent's TFT scheme, at
time t0 + 30 leecherj will choke i , becausei did not provide
him/her with a high download rate.

t0 t0+10 t0+20 t0+30 t0+40 t0+50

t1 t1+10 t1+20 t1+30 t1+40 t1+50

j chokes ij optimistically unchokes i

i makes first choking decision i chokes j

Fig. 1. Time line of optimistic unchoking and choking decision making.

Now, let's study the outcome of the choking decisions of L-BW
leecheri . Suppose that this leecher makes his/her �rst choking
decision at timet1. Clearly, useri will not choke leecherj at
t1, t1 + 10, and t1 + 20 becausej provides him/her with a
higher download rate compared toULL (the rate by whichi is
downloading from a L-BW neighbor).4 Further, leecheri will
chokej at time t1 + 50 because the rate observation window is

4Notice that the probability that two or more higher bandwidth users provide
uploads to the same L-BW leecher at the same time-instance issmall, as the L-
BW leecher is only selected by higher bandwidth users via optimistic unchoking.
Therefore,i will be always downloading from at least one L-BW neighbor.



20 seconds and leecherj did not provide anything toi during
the period(t1 + 30; t1 + 50]. How aboutt1 + 30 and t1 + 40?
At t1 + 30, the average download rate thati observes fromj is
UHL (20+ t 0 � t 1 )

20 . If this rate is larger thanULL , i will not chokej .
Similarly, at t1 + 40, the average download rate thati observes
from j is UHL (10+ t 0 � t 1 )

20 . If this rate is larger thanULL , i will
not chokej . Therefore, ifN LH

unchoke denotes the number of times
that i (a L-BW leecher) did not chokej (a H-BW leecher) in the
time-interval [t1, t1 + 50], we can write:

N LH
unchoke =

8
><

>:

3 if UHL
(2T + t 0 � t 1 )

2T < U LL ;
5 if UHL

(T + t 0 � t 1 )
2T � ULL ;

4 otherwise,

whereT = 10 is the duration of the unchoking period. Because
users are not synchronized (and the choking decisions are taking
place everyT = 10 seconds) it makes sense to assume thatt1
is uniformly distributed betweent0 and t0 + T. Hence, we can
compute the average number of timesN

LH
unchoke that i (a L-BW

leecher) did not chokej (a H-BW leecher). This corresponds to
a duration ofTN

LH
unchoke seconds.

Recall that a H-BW leecher is uploading tonu
HL L-BW

leechers on average. Therefore, considering the above scenario
only, it is easy to see that at any time instance a H-BW leecher

on average downloads fromnu
HL

T N
LH
unchoke
3T L-BW leechers. And

hence, the average number of H-BW leechers that a L-BW
leecher provides uploads to (due to the above scenario only)is�

pH
pL

�
nu

HL
T N LH

unchoke
3T . We refer to this scenario, as theoptimistic

unchoking reward scenario. nu
LH is now given by the following

lemma:
Lemma2:

nu
LH =

LX

i =0

L � iX

k=0

n4(i; k )P3(i; k ) +
�

pH

pL

�
nu

HL
N

LH
unchoke

3
; (19)

where:

n4(i; k ) =

(
k

L � Z +1 if i � Z ,
(Z � i )k

L � i otherwise.

and:

P3(i; k ) = Pf havei L-BW and k H-BW neighbors out of Lg
= T rinomial (L; pL ; pH ; i; k ):

Proof: The �rst term of Equation (19) is derived in a similar
way as Lemma 1 and accounts for the average number of H-BW
leechers that a L-BW leecher uploads to, without considering the
optimistic unchoking reward scenario. The second term of the
relation accounts for the optimistic unchoking reward scenario
and has been derived in the text before the lemma statement.

Notice that in Lemma 1 we have not considered the optimistic
unchoking reward scenario. This is because, if a L-BW leecher
selects via optimistic unchoking a H-BW leecher to provide
uploads to, the H-BW leecher will choke this L-BW leecher on
his/her �rst choking decision, because the L-BW leecher does
not provide him/her with a high download rate. Therefore, H-BW
leechers do not provide uploads to L-BW leechers in this case
(i.e., L-BW leechers are not getting any reward for optimistically
unchoking H-BW leechers.)

Following the same reasoning, we can also computeN
LM
unchoke ,

the average number of times that a L-BW leecher does not
unchoke a M-BW leecher who has selected the former via
optimistic unchoking, andN

MH
unchoke , the average number of times

that a M-BW leecher does not unchoke a H-BW leecher. Then, in

a similar manner as in Lemma 2,nu
LM andnu

MH are computed
as follows [27]:

nu
LM =

LX

i =0

L � iX

j =0

n5(i; j )P2(i; j ) +
�

pM

pL

�
nu

ML
N

LM
unchoke

3
; (20)

where:

n5(i; j ) =

(
j

L � Z +1 if i � Z ,
(Z � i ) j

L � i otherwise.

and:

P2(i; j ) = Pf havei L-BW and j M-BW neighbors out of Lg

= T rinomial (L; pL ; pM ; i; j ):

nu
MH =

LX

j =0

L � jX

k=0

n6(j; k )P1(j; k ) +
�

pH

pM

�
nu

HM
N

MH
unchoke

3
;

(21)
where:

n6(j; k ) =

(
j

L � Z +1 if k � Z ,
(Z � k ) j

L � k otherwise.

and:

P1(j; k ) = Pf havej M-BW and k H-BW neighbors out of Lg

= T rinomial (L; pM ; pH ; j; k ):

From Equations (4):::(21) we can now computenu
ij and Uu

ij
for all i; j 2 f L; M; H g. And, we can relate these parameters to
nd

ij andD ij as described earlier, in order to compute the average
download rates using Equations (1)...(3).

B. Computing the User Download Rates in the Token-enhanced
BitTorrent system

The model for the token-enhanced system is similar to the
model for the original BitTorrent system. In particular, itis easy to
see that Equations (1):::(9) hold for the token-enhanced system as
well. Further, notice from Section III that the token-basedscheme
does not affect the rate by which a user uploads to a neighbor,
since only neighbors with enough tokens to perform the download
can be selected by a user. Therefore, it is not hard to justifywhy
Equations (10):::(15) hold here as well.

Let's see what relations change compared to the original
BitTorrent system. First, it is easy to see that in order to make the
token-enhanced system operate properly we need to haveK up �
K down . Now, consider a L-BW leecher. Notice thatK up UiL
i 2 f L; M; H g is the token earning rate of ai -BW leecher
from providing uploads to the L-BW leecher, andK down D iL
is the token spending rate of thei -BW leecher for download-
ing from the L-BW leecher. SinceK up UiL � K down UiL �
K down ULi = K down D iL (asK up � K down andUiL � ULi ) for
i 2 f L; M; H g, L-BW, M-BW, and H-BW leechers always have
enough tokens to download from a L-BW leecher.5 Therefore,
the L-BW leecher is equally likely to select a neighbor to provide
uploads to, irrespectively of the neighbor's class. Since the total
number of upload connections isZ , the percentage of H-BW and
M-BW leechers in the system arepH andpM respectively, and the
neighbor's list consists of a random selection of H-BW, M-BW,
and L-BW leechers, in this system:

nu
LH = ZpH : (22)

5More generally, it is easy to see that a leecher with some upload link capacity
will always have suf�cient tokens to download from leecherswith equal or lower
upload link capacities.



nu
LM = ZpM : (23)

Now let's consider a M-BW leecher. The average number of L-
BW neighbors that this M-BW leecher provides upload to,nu

ML ,
is given by the following lemma:

Lemma3:

nu
ML = min

�
ZpL ;

nu
LM K up ULM pL

K down UML pM

�
: (24)

Proof: Both M-BW and H-BW leechers always have
enough tokens to download from a M-BW leecher. Now, if L-
BW leechers also always have enough tokens to download (i.e.
K up ULM � K down UML ), then every leecher is equally likely
to be selected for uploading to, irrespectively of its class, and
thusnML =ZpL . Otherwise, by observing that in the long run the
token earning rate of all L-BW leechers from M-BW leechers
(nu

LM K up ULM NpL ) equals the token spending rate of all L-BW
leechers to M-BW leechers (nu

ML K down UML NpM ), we have
nu

ML = n u
LM K up ULM pL

K down UML pM
.

Now, clearly, a M-BW leecher on average provides uploads to
(Z � nu

ML ) M-BW and H-BW neighbors. Since both H-BW and
M-BW leechers always have enough tokens to download from
the M-BW leecher, it is easy to see [27]:

nu
MH =

(Z � nu
ML )pH

pM + pH
: (25)

Finally, using a similar reasoning as above, it is not hard to
see thatnu

HL andnu
HM , are given as follows [27]:

nu
HL = min

�
ZpL ;

nu
LH K up ULH pL

K down UHL pH

�
: (26)

nu
HM = min

�
(Z � nu

HL )pM

pM + pH
;

nu
MH K up UMH pM

K down UHM pH

�
: (27)

From Equations (4):::(15) and (22)...(27), we can now compute
nu

ij andUu
ij for all i; j 2 f L; M; H g, and then relate them tond

ij
and D ij , exactly as we did in the original BitTorrent system, in
order to compute the user download rates.

C. Estimating the Average Download Delay

So far, we have seen how one can compute the download rates
in a heterogeneous BitTorrent-like system with and withoutthe
token-based scheme, under steady state assumptions. Now, we
show how one can compute the �le download delays from the
corresponding rates.

As mentioned earlier, the steady state assumption makes sense
in �ash crowd scenarios [16], [18]. In such scenarios leechers will
join the system in a short time period. As a consequence, the total
number of leechers present in the system will stabilize quickly,
and will remain constant for a relatively long time-period,until
leechers �nish their downloads and start departing the system (or
becoming seeds). Figure 2 shows how the total number of leechers
in a system with H-BW, M-BW, and L-BW leechers will evolve
as a function of time. During the time period(t0; t1], leechers join
the system. Fromt1 to t2, all three classes of leechers are present
in the system. Since H-BW leechers have higher capacities, they
depart earlier, by timet3. During the time period(t3; t4], only
M-BW and L-BW leechers are present in the system. At timet5,
all M-BW leechers depart and afterwards only L-BW leechers are
present in the system. Our model computes the download rates
for each class of leechers during the time interval(t1; t2]. Further,
the new download rate of L-BW and M-BW leechers during the
interval (t3; t4] (after all H-BW leechers leave the system) can
be computed using our two user-class model presented in [21].

Finally, the download rate of L-BW leechers during the interval
(t5; t6] is just equal to the sum of their upload link capacity,
since this is fully utilized as explained earlier, plus the download
rate they receive from seeds. Notice that our earlier analysis does
not model the transient periods(t0; t1] (t2; t3], and (t4; t5]. To
compute the delays we make the assumption thatt0 � t1, t2 � t3,
t4 � t5, andt6 � t7. 6

Leechers join the system
All leechers present in the system
H-BW leechers depart the system
L-BW and M-BW leechers present in the system
M-BW leechers depart the system
Only L-BW leechers present in the system

N
um

be
r 

of
 L

ee
ch

er
s

Timet5t2 t3t1t0 t4 t7t6

Fig. 2. Evolution of the number of leechers.

Now, let S be the �le size and letTH , TM , and TL be the
average �le download delay of a H-BW, a M-BW, and a L-BW
leecher respectively. Clearly,TH = S

R downH
.

Now, let's consider a M-BW leecher. LetSM be the amount
of data that the M-BW leecher has downloaded when all H-BW
leechers were present in the system, that is,SM = TH RdownM .
Further, denote byR0

downM the new average download rate of a
M-BW user after all H-BW leechers left the system, computed
using our model in [21], as explained above. It is easy to see that
TM = TH + S� SM

R 0
downM

.
Finally, if R0

downL is the new average download rate of a L-BW
leecher after all H-BW leechers left the system (computed using
our model in [21]), thenSL = RdownL TH � R0

downL (TM � TH ) is
the amount of data that a L-BW leecher has downloaded until all
M-BW leechers have left the system. Using the same reasoning
as above, the average �le download delay of a L-BW leecher is
TL = TM + S� SL

CupL + D 0
S

, whereD 0
S =

C 0
upS

pL N is the average download
rate from seeds. Notice that the aggregate seed capacityC0

upS may
not be the same as before, since some H-BW and M-BW leechers
might have become seeds instead of leaving the system. In other
words,C0

upS = CupS + pH
s pH NCupH + pM

s pM NCupM , where
pH

s andpM
s denote the percentage of H-BW and L-BW leechers

that become seeds respectively.

Remarks: Compared to our two user-class model presented in
our earlier study [21], we can observe that the extension to three
classes of users becomes signi�cantly more complicated, ifone
wishes to model all central properties of the BitTorrent protocol.
Along the same lines, one can extend the model for more classes
of users. However, given that in reality there are mainly three
classes of users (dial-up, DSL/cable, and high speed [1], [18])
and that the model complexity increases fast as a function ofthe
number of classes, we believe three classes are the best tradeoff
between tractability and realism, and we we do not proceed with
this task here. However, we use our techniques and intuitionfrom
the above analysis to propose a second model, which ignoressome
details of the BitTorrent protocol. This enables it to ef�ciently

6The assumption thatt0 � t1 can be justi�ed in a �ash crowd scenario. Further,
as we shall see in Section VI, the approximationt2 � t3 , t4 � t5 , andt6 � t7
does not signi�cantly affect the accuracy of the model.



account for more classes of users and predict both the system
steady state and transient behaviors, with satisfactory accuracy.

V. SYSTEM TIME DYNAMICS

In the previous section we have analyzed the performance of
heterogeneous BitTorrent-like systems in steady state. Inpartic-
ular, we have derived a mathematical model that accounts for
all central details of the BitTorrent protocol and predictsthe
download rates, and hence the delays, of different classes of users.
However, as stated, this model does not capture user dynamics
and does not scale well when there exist many classes of users.
(Recall that one needs2n2 equations to characterize a system
consisting ofn classes of users.)

With the above in mind we propose a second, �uid-based model
that can be used for scenarios where users arrive and depart at any
time instance,e.g.such as in non-�ash crowd scenarios. Another
advantage of this model is that it scales well with increasing
number of classes. The model is inspired by prior work on �uid-
based analysis of BitTorrent systems [6] (see Section VII and
Table I for a detailed comparison with [6] and other prior work)
and by the techniques and rational of our �rst model. To keep the
analysis tractable, we assume that leechers of a particularclass
provide uploads to leechers of other classes only via optimistic
unchoking. This implies the following: (i) we assume that a
leecher of a speci�c class always has enough neighbors of the
same class to which he/she can connect to (This is not an
unrealistic assumption since the list of neighbors (L ) returned
by the tracker is usually large.), and (ii) we do not considerthe
optimistic unchoking reward scenario we saw earlier. As we shall
see in Section VI, these approximations do not signi�cantlyaffect
the model's accuracy, but they do make it slightly less accurate
than our �rst model in steady state.

As before, we �rst consider the original BitTorrent system and
then proceed with the token-enhanced BitTorrent system.

A. The Original BitTorrent System

We say that two users, which can be either leechers or seeds,
are in the same class if they have the same link capacities, and
we let G = f 1; : : : ; K g be the set of user classes in the system.
Denote byx l

j (t) and xs
j (t) respectively, the number of class-j

leechers and seeds in the system at timet. Let � j be the service
rate of a class-j user, which is de�ned as the rate by which the
user can upload a �le to other users. Given the �le size S and the

upload link capacity of class-j usersC j
up , � j =

C j
up

S . Further, let
� s(t) be the aggregate service rate provided by all seeds in the
system at timet. That is,� s(t) =

P K
j =1 � j xs

j (t). Also, let � si (t)
and� ji (t) be the portion of the aggregate service rate provided by
all seeds and class-j leechers respectively, to all class-i leechers
at timet. Finally, denote byRi (t) the aggregate service rate that
all class-i leechers receive at timet. It is easy to see that:

Ri (t) =
KX

j =1

x l
j (t)� j � ji (t) + � s(t)� si (t): (28)

Notice thatRi (t) is also the departure rate of class-i leechers,
and that their average �le download rate isRi (t) � S (S the
�lesize). Now, let � i (t) be the arrival rate of class-i leechers, and
pi

s be the probability that a class-i leecher will stay in the system
after he/she downloads the �le (i.e the probability of becoming a
seed). Further, let
 i be the rate at which class-i seeds leave the

system. Then, the population of class-i leechers and seeds in the
system is described by the following differential equations:

x l
i
0
(t) = � i (t) � Ri (t); (29)

xs
i

0(t) = Ri (t)pi
s � 
 i xs

i (t): (30)

As before, since all leechers in the system are equally likely
to be downloading from the seeds,� si (t) = x l

i ( t )
P K

n =1 x l
n ( t )

� s(t),
8i 2 G. Further, recall from the previous section that leechers are
inclined to exchange �le blocks with other leechers that belong
in their class, due to the rate-based TFT scheme. Also, by our
earlier assumption, a class-i leecher can receive uploads from
a leecher of some other class-j only via optimistic unchoking.
Since users randomly select a neighbor for optimistic unchoking,
the probability that the selected neighbor is of class-i equals

x l
i ( t )

P K
n =1 x l

n ( t )
. Further, since a class-j leecher concurrently uploads

to Z neighbors, the rate that a class-i leecher can receive from it
is � j

Z .
We can now state the following lemma for� ji (t), whose proof

follows immediately from the above arguments:
Lemma4:

� ji (t) =

8
<

:

x l
i ( t )

P K
n =1 x l

n ( t )

1
Z

if i 6= j ,

1 �
P K

i =1 ;i 6= j � ji (t) otherwise.
(31)

For a system withK classes of users we have2K variables
(f x l

i (t)g , f xs
i (t)g; i 2 G) and 2K differential equations (two

for each class, like Equations (29) and (30)), that dictate the
evolution of these2K variables. Therefore, we can solve using
mathematical tools (e.g. such as Mathematica [29]), this system of
equations to study how the user population (f x l

i (t)g , f xs
i (t)g; i 2

G) and the leecher departure rates (f Ri (t)g; i 2 G) evolve
with time. And, of course, we can compute the corresponding
download delays of each class of leechers as a function of time
because the user download delay is the reciprocal of the user
departure rate.

B. The Token-enhanced BitTorrent System

It is easy to see that Equations (28):::(30) still hold in the
token-enhanced system. What changes is the way we compute
f � ji (t)g; i; j 2 G. (Clearly the relation for� si (t) remains the
same.)

Recall that a user earnsK up tokens for each byte he/she up-
loads and spendsK down tokens for each byte he/she downloads.
Now, sort the user classes in accordance with their upload link
capacities, with class1 be the class with the lowest capacity.
Along the same lines of the analysis in Section IV-B, if leecher
m belongs to class1, we know that all of his/her neighbors always
have suf�cient tokens to download from him/her. Therefore,
they equally share the upload link capacity of leecherm. This
suggests that� 1i (t) = x l

i ( t )
P K

n =1 x l
n ( t )

, 8i 2 G. Now, when a
class1 leecher exchanges data with a class2 leecher, the token
earning rate of the class1 leecher from the class2 leecher is
� 12(t)� 1K up , and the token spending rate of the class1 leecher
to the class2 leecher is� 21(t)� 2K down . Because in the long
run the token earning rate of all class1 leechers from class2
leechers (x l

1(t)� 12(t)� 1K up ) equals the token spending rate of
all class1 leechers to class2 leechers (x l

2(t)� 21(t)� 2K down ), we
can write � 21(t) = x l

1 ( t ) � 12 ( t ) � 1 K up

x l
2 ( t ) � 2 K down

. However, notice that� 21(t)
cannot exceed the amount of the fair share that class1 leechers
can receive (from class2 leechers) when class1 leechers always



have enough tokens to download. This amount isx l
1 ( t )

P K
n =1 x l

n ( t )
.

Therefore:

� 21(t) = min

 
x l

1(t)� 12(t)� 1K up

x l
2(t)� 2K down

;
x l

1(t)
P K

n =1 x l
n (t)

!

: (32)

Now, leechers in other classes share the remaining capacityof
the class 2 leecher (because they all have suf�cient tokens to
exchange �le blocks with this leecher, as they have larger upload
link capacities, in accordance with our arguments in IV-B).Hence:

� 2i (t) =
(1 � � 21(t)) x l

i (t)P K
n =2 x l

n (t)
; i 2 f 2; : : : ; K g:

Continuing this way, we can derive a general formula for� ji (t):
Lemma5:

� ji (t) =

8
<

:

min
�

x l
i ( t ) � ij ( t ) � i K up

x l
j ( t ) � j K down

; x l
i ( t )

P K
n =1 x l

n ( t )

�
if i < j ,

(1�
P j � 1

n =1 � jn ( t ))x l
i ( t )

P K
n = j x l

n ( t )
otherwise.

(33)

We can now solve the2K differential equations as before, in order
to study how the user population and download delays evolve over
time in the token-enhanced system.

Remark: Compared to our �rst model, our second model is
much simpler, and at the same time, more general. The key
approximation that enables one to signi�cantly simplify the
analysis of BitTorrent-like systems is to ignore the optimistic
unchoking reward scenario. As we will demonstrate next, this
does not lead to large inaccuracies.

VI. EXPERIMENTS

We use an event driven BitTorrent simulator developed by the
authors of [30] to validate our analysis. The detailed simulator
description can be found in [18]. In addition, we implement the
proposed token-based scheme to study its impact on the system
performance.

A. Steady State Performance Prediction and Flash Crowd
Scenarios

To validate the model of Section IV, we simulate a �ash
crowd scenario where 200 leechers join the system within 20
seconds. Leechers leave the system as soon as they �nish their
downloads. We simulate the system until all leechers depart. Other
simulation settings are: (i) there is only one seed in the system
and the upload link capacity of the seed is 800Kbps, (ii) the �le
size is 300MB and the block size is 512KB, (iii) the maximum
number of concurrent upload transfers is5 (the default value),
(iv) the percentage of L-BW, M-BW, and H-BW leechers are
pL = 0 :5, pM = 0 :35, and pH = 0 :15 respectively, and (v)
CupH = 600Kbps,CupM = 250Kbps, andCupL = 100Kbps.7

1) Simulation Results for the Original BitTorrent System:
Figure 3(i) shows the download rates for H-BW, M-BW, and L-
BW leechers with respect to the number of neighbors (L ). These
results correspond to the period(t1; t2] in Figure 2, where all three
classes of leechers are present in the system. (Recall that in the
interval(t3; t4], only two classes of leechers remain in the system,
M-BW and L-BW, and their download rates can be computed
using the model in [21]. Further, in the interval(t5; t6] there are
only L-BW leechers, and their download rate is just equal to
their upload capacity plus the rate that they can download from
the seeds.) First, we observe from Figure 3 that our mathematical

7Note that we have done extensive simulations with differentvalues of the
parameters and the results are similar [27].
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Fig. 3. The original BitTorrent system: (i) Average download rate for H-BW,
M-BW, and L-BW leechers, (ii) Average �le download delay forH-BW, M-BW,
and L-BW leechers.

model is quite accurate. Second, notice that the download rate of
H-BW leechers increases and the download rate of M-BW and L-
BW leechers decreases asL increases. This is because whenL is
small H-BW leechers cannot �nd enough H-BW peers to upload
to, and thus they have to provide uploads to more M-BW and/or
L-BW leechers. AsL increases there are more H-BW leechers to
upload to, and thus there is no need to upload to L-BW and/or
M-BW leechers. This implies thatnu

HL andnu
HM decrease asL

increases, which is consistent with Equations (16) and (18). For a
detailed validation of thenu

ij 's (Equations (16)...(21)), and to see
how these variables, as well as the upload rates of usersUij 's,
behave as a function of system parameters, the interested reader
is refered to [27]. Due to space constraints, we do not present the
corresponding plots in this paper. Finally, Figure 3(ii) shows the
average �le download delay. We can observe that our model is
quite accurate in predicting the average �le download delayfor
H-BW, M-BW, and L-BW leechers.

2) Simulation Results for the Token-enhanced BitTorrent
System: The previous results are straightforward. Here we study
the more subtle and interesting dynamics of the token-based
scheme. We letK down = 1 and study how the system performs
for different values ofK up . We also �x L = 60, which is a typical
value in BitTorrent [4].

The download rates for all three classes of leechers are shown
in Figure 4(i). From the plot we see again that theoretical
and simulation results match. Further, we make the following
interesting observation: The download rate of H-BW leechers
�rst decreases and the download rate of L-BW leechers �rst
increases, asK up increases. This is because asK up increases L-
BW leechers earn tokens at a faster rate and they can download
more data from H-BW leechers. (Hence their download rate
increases.) This however means that H-BW leechers provide
fewer uploads to other H-BW leechers. Thus, H-BW leechers
have to download now from more L-BW leechers, and hence their
download rate decreases. The download rate of M-BW leechers
does not vary as much asK up increases. This is explained
as follows: The download rate of M-BW leechers from L-BW
leechers does not change asK up increases, since M-BW leechers
always have enough tokens to download from L-BW leechers, i.e.
even whenK up = 1 . As with L-BW leechers, asK up increases,
M-BW leechers can download more data from H-BW leechers,
which could increase their download rate. However, at the same
time, since L-BW leechers can download more data from M-BW
leechers, it means that M-BW leechers provide fewer uploadsto
other M-BW leechers. Hence, the average download rate of M-
BW leechers does not change much. Finally, note that the system
throughput, i.e. the aggregate download rate of all leechers in the
system,does notchange as we varyK up , and for largeK up each
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Fig. 4. The token-enhanced system: (i) Average download rate for H-BW, M-BW, and L-BW leechers , (ii) Average �le download delay for H-BW, M-BW, and
L-BW leechers, and for the system, (iii) Upload-to-download ratio for H-BW, M-BW, and L-BW leechers.

class of leechers has the same download rate.8

Figure 4(ii) shows the average �le download delay of H-
BW, M-BW, and L-BW leechers, and for the whole system.
For comparison, the plot also shows the corresponding average
download delay in the original BitTorrent system. As before,
we observe that our model predicts the simulation results quite
accurately. Further, we observe that whenK up = 1 = K down , the
performance of the token-enhanced system is almost identical to
that of the original BitTorrent system. However, asK up increases
the overall delay improves. However, this occurs at the expense
of the perceived delay of the H-BW leechers mostly, which
increases. This motivates us to quantify next how “unfair” the
token-based scheme becomes to H-BW leechers asK up increases.

3) Token Based Scheme, Overall Performance and Fairness:
To quantify “fairness” we use the upload-to-download ratioof a
user, which is de�ned as the user's upload rate divided by his/her
download rate.9 Figure 4(iii) shows how the upload-to-download
ratio behaves as we varyK up , for H-BW, M-BW, and L-BW
leechers.

From the plot we observe that the upload-to-download ratio is
almost the same for all three classes of leechers whenK up =
1 = K down . This implies that the system is fair. However,
as K up increases, the corresponding ratio for H-BW leechers
increases and for L-BW decreases, as expected. (This suggests
that the system becomes unfair.) For the M-BW leechers, this
ratio remains almost invariant.

Looking at Figures 4(ii) and 4(iii) we can conclude that we can
tradeoff between overall system performance and fairness to H-
BW users. Using our analytical model we can predict how much
“fairness” we are sacri�cing and what performance is achieved.
For example, one can enforce fairness by settingK up = 1 =
K down , or can minimize the system's average download delay
by choosing a large value forK up . Further, one can also operate
somewhere between these two extremes by setting the appropriate
value forK up . Note that the issue of overall performance versus
fairness is a controversial one. Our token-based scheme does not
take sides, but instead provides a means to achieve any operational
point.

8This occurs whenK up is larger than the ratio of the largest upload link
capacity to the smallest upload link capacity, timesK down , i.e. K up >
K down

C upH
C upL

= 6 in our scenario, as all leechers, irrespectively of their class,
always have enough tokens to initiate downloads and they cannot be distinguished
by a potential uploader.

9This metric has been also used to quantify fairness in other studies as well,
e.g. [18], [19].

B. Predicting System Time Dynamics and Non-�ash Crowd
Scenarios

We now simulate a more dynamic BitTorrent system where
new leechers keep joining the system at random times according
to a Poisson process, and after �nishing their downloads, either
depart the system or remain there for a while as seeds. This isin
order to demonstrate how accurate the model of Section V is.

We again consider three classes of users: H-BW, M-BW, and
L-BW users. The arrival rates of the three classes of leechers are
different and change during the simulation as shown in Figure
5(i). The �le size is100MB. Finally, 15% of leechers stay in the
system for 3000 seconds after they download the �le. That is,
pL

s = pM
s = pH

s = 0 :15 and
 H = 
 M = 
 L = 1
3000 (recall from

Section V the de�nition of these parameters). All other simulation
parameters are the same as before.

1) Simulation Results for the Original BitTorrent System:
Figure 5(ii) shows how the number of users (seeds and leechers)
in the original BitTorrent system evolves over time. From the plot
we can observe that the proposed �uid model is quite accurate.
Further, note that at the beginning of the simulation the number
of leechers in the system is small and hence the system's service
capacity, which is the aggregate service rate of all users inthe
system, is also small. Therefore, initially the leecher departure rate
is smaller than the leecher arrival rate and this is why the number
of leechers in the system initially increases. However, as the
number of leechers in the system increases, the system's service
capacity and hence the leecher departure rate also increase. After
some time elapses, the leecher departure rate catches up with the
leecher arrival rate and the system reaches its steady state, where
the number of leechers in the system stabilizes. Clearly, after
leechers stop arriving to the system the number of leechers starts
decreasing. The evolution of the total number of seeds follows
the evolution of leechers as expected, since some leechers,after
�nishing their downloads, remain to the system as seeds for some
time before departing. Before proceeding, notice that we have
intentionally stopped the arrivals of L-BW and M-BW leechers
and increased the arrival rate of H-BW leechers at time30000,
as shown in Figure 5(i). From Figure 5(ii) we can see that our
�uid model can also capture this transition quite accurately.

The discrepancies between theoretical and simulation results at
the beginning of the simulation are because the model does not
consider the fact that leechers initially require a large amount of
time to �nish their downloads, and hence to depart the system. In
particular, Equation (29) does not consider the fact that initially
the leecher departure rate may be zero, but instead, it always
assumes that this is strictly positive. Since the leecher departure
rate is initially overestimated in the �uid model, the rate by which
the number of leechers in the system increases is lower than the
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Fig. 5. The original BitTorrent system: (i) Leecher arrivalrate, (ii) Number of users in the system, and (iii) Average �le download delay for H-BW, M-BW, and
L-BW leechers.
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Fig. 6. The token-enhanced system: Number of users in the system.

one in the simulation.
Finally, Figure 5(iii) shows simulation and theoretical results

for the average �le download delay for H-BW, M-BW, and L-
BW leechers. We can observe again that our �uid model is, in
general, quite accurate. The discrepancies between theoretical and
simulation results in the plot are primarily due to ignoringthe op-
timistic unchoking reward scenario. As a result: (i) the download
delays of higher bandwidth leechers may be overestimated, since
we ignore the download rate rewards that these leechers receive
when they optimistically unchoke lower bandwidth leechers, and
(ii) the download delays of lower bandwidth leechers may be
underestimated, since lower bandwidth leechers no longer spend
a portion of their upload capacity for rewarding higher bandwidth
leechers (as occurs in reality), but instead, they use this portion for
uploading to other lower capacity leechers. However, as expected,
these discrepancies are relatively small. As a �nal note, the
�le download delays initially decrease as time increases because
the number of seeds in the system initially increases (and thus
leechers can receive more downloads from seeds). After the
number of seeds in the system stabilizes the �le download delays
also stabilize as expected.

2) Simulation Results for the Token-enhanced BitTorrent
System: We �x K down = 1 and varyK up to study its effect on
the system dynamics. Figure 6 presents analytical and simulation
results for the peer population in the token-enhanced system. In
the �gure we show results forK up = 1 , K up = 2 , andK up = 10.

Again we observe that our model is quite accurate. We see that
the token-enhanced system (Figure 6(i)) resembles the original
BitTorrent system (Figure 5(ii)) whenK up = 1 = K down , in
agreement with our earlier arguments. (The corresponding delay
plot for K up = 1 = K down is also similar to Figure 5(iii)). As
we increaseK up , the number of lower bandwidth leechers in the
system decreases and the number of higher bandwidth leechers
increases. The explanation for this is the same as before. AsK up
increases, lower capacity leechers can earn tokens at a faster
rate, download faster, and hence depart the system earlier.On

the other hand, higher bandwidth leechers download slower and
hence depart the system after a longer period of time. Finally,
when K up = 10 the number of leechers present in the system
from each class at steady state is proportional to the arrival rate of
each class. This is explained as follows: As mentioned earlier, for
largeK up (K up > 6 in our scenario), all leechers can download
at the same rate and hence the departure rate of each class of
leechers is proportional to the steady state population of the class.
Since the departure rate equals the arrival rate at steady state, the
steady state population is proportional to the arrival rate.

The download rate and delay of each class of users, as well
as the fairness curves, behave, with respect toK up , in a similar
manner as in our steady state scenario (Figures 4(i) and 4(ii)).
Due to space constraints, we refer the interested reader to [27]
for these plots.

C. Impact of the Proposed Token Based Scheme on Freeriders
As mentioned earlier, the rate-based TFT scheme in general

can motivate cooperation in BitTorrent. However, as reported in
[5], [13], [26], skillful freeriders can still bene�t from the system
by exploiting the optimistic unchoking scheme. In particular, they
can connect to more peers than usual to increase the probability
of receiving data via optimistic unchoking. In this sectionwe
study how the proposed token-based scheme prevents this type
of freeriding in BitTorrent-like systems. To this end, we simulate
both the original BitTorrent and the token-enhanced system(with
K up = K down ) with two classes of users: freeriders (FR) and
non-freeriders (NF). We set the download link capacity of both
classes of users to10Mbps, the upload link capacity of non-
freeriders to300Kbps, and the upload link capacity of freeriders to
0Kbps since they do not offer any uploads. All other simulation
parameters are the same as before. We simulate two different
scenarios. In the �rst scenario, both classes of users connect to
L = 40 neighbors. In the second scenario, freeriders connect to
all available leechers in an effort to maximally exploit optimistic
unchoking.
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Fig. 7. The token-based scheme prevents freeriding: (i) Scenario 1, and (ii)
Scenario2.

Figures 7(i) and (ii) show the download rates for freeridersand
non-freeriders with respect to the percentage of freeriders in the
system for Scenario 1 and 2 respectively. As before, theoretical
results (from our �rst model) can predict simulation results well.
Further, in Scenario 1 the download rate of freeriders is quite
low under the original BitTorrent system, which implies that the
system is working well. However, in Scenario 2 the download
rate of freeriders is quite high and can be higher than even that
of non-freeriders, when a small portion of skillful freeriders steal
resource from a large portion of non-freeriders. (This interesting
observation has also been made in [26].) Nevertheless, the plots
con�rm our intuition that the token-based scheme does not suffer
from this problem as it does not allow freeriders perform any
downloads.

D. Performance Prediction for Large Systems

Having established the accuracy of the analytical models, in
this section we use them to study the performance of large yet
realistic BitTorent-like systems whose size makes simulation-
based analysis too expensive.

The �rst system we consider consists of thousands of users.
We use our �rst model to study this system and further argue
that BitTorrent's TFT mechanism is not enough to deal with
freeriders. We let 100 of those users to be freeriders, and the
rest to be non-freeriders. The upload/download link capacity of
freeriders and non-freeriders are the same as before. Figure 8(i)
plots the download rate of freeriders as the total number of users
in the system increases. Based on prior discussion, it is somewhat
expected that freeriders will do really well as the number ofnon-
freeriders increase, but still their performance is astonishing (the
Y-axis on the plot is logarithmic). Essentially, freeriders connect
to so many users that the aggregate download rate received via
optimistic unchoking almost �lls their download link capacity. As
before, the token-based scheme solves this problem.

The second system we consider is based on a popular trace [16]
which measured the number of users downloading theThe Lord
of The RingsDVD. The trace spans a period of time that is a bit
longer than two weeks, and reports on hundreds of thousands of
users. The trace has no information about the type of users and
their link capacities, so we use the trace-based studies in [1], [18]
to decide on the mix of users that we consider. Speci�cally, we
assume four classes of users: H-BW (15%), M-BW (25%), L-BW
(40%), and T-BW (20%) users (T-BW represents Tiny Bandwidth
users) with capacitiesCupT = 128Kbps, CupL = 384Kbps,
CupM = 1000Kbps, andCupH = 5000Kbps.

We �rst �nd a set of arrival rates for each class of users that,
when fed to our second, �uid-based model, yields a synthetic
trace that is very similar to the original one, as shown in Figure

8(ii). We then use our model to predict the population of different
classes of users in the system, as shown in Figure 8(iii). (No
results of this type are available from the original trace.)Finally,
we show what would have happened if the token-based scheme
(with K up >> K down ) had been used instead of the original
TFT scheme. The average �le download delay would have been
signi�cantly reduced, evident from the smaller number of users
present in the system, at the expense of the perceived performance
from higher bandwidth users as explained earlier.

Our motivation with these two examples has been to show the
wide range of interesting results that one can obtain in no time
using the set of equations that constitute our analytical models.

E. Comparison Between the Two Models

As we have seen, our �rst model (presented in Section IV)
is tailored for steady state performance analysis, accounts for all
details of the BitTorrent protocol, and it is very accurate.It is now
interesting to compare how accurate our �uid model is in such
cases (i.e. for steady state performance analysis) and compare it
with our �rst model. For this we consider the �ash crowd scenario
of Section VI-A. We then solve our �uid model equations in
steady state (i.e. in the interval[t1; t2) in Figure 2), and compute
the corresponding leecher download rates.

The results are depicted in Figure 9. As we observe, our �rst
model is more accurate as expected, since it captures the effect of
connecting to a variable number of neighbors (L ), and considers
the optimistic unchoking reward scenario. Our second modelis
visibly inaccurate whenL is small, because it does not account
for leechers that don't have suf�cient neighbors of the sameclass
to connect to. However, the difference between the two models
becomes small whenL is suf�ciently large, as expected. This
difference now is only due to the fact that we do not consider
the optimistic unchoking reward scenario in the second model. It
is interesting to point out that this difference for H-BW leechers
never exceeds100

Z %. This is explained as follows. First recall that
a H-BW leecher provides uploads toZ � 1 neighbors that provide
him/her the highest download rates, and to one other neighbor
via optimistic unchoking. The maximum rate the H-BW leecher
can provide to the optimistic unchoked neighbor does not exceed
100
Z % of its upload link capacity.When we consider the optimistic

unchoking reward scenario, we are accounting for the fact that
the optimistic unchoked neighbor will, in turn, reward the H-
BW leecher with a download rate, which is at most equal to the
one the optimistic unchoked neighbor receives from this leecher.
Therefore, if we do not consider the optimistic unchoking reward
scenario we may underestimate the H-BW leecher's download
rate by at most100

Z %. Finding a bound for the discrepancy
between the two models for M-BW and L-BW leechers is much
more involved, and depends on the values of several of the system
parameters. We do not proceed with this task here. The interested
reader is referred to [27].

As mentioned earlier, the �rst model requires2n2 equations
to model a system ofn classes of users and does not model the
system time dynamics. In contrast, the second model captures
the system dynamics, and requires only2n equations to model
a system ofn classes of users. In summary, the two models
comprise a tradeoff between accuracy and simplicity/generality.

VII. C OMPARISON WITH OTHER MODELS

To highlight the contributions of this paper we now compare
our models with two of the most representative earlier results
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System details captured by the Model Model 1 Model 2 FPK's model DR's model
number of concurrent uploads (Z ) Yes Yes No No

number of neighbors (L ) Yes No No No
number of user classes (heterogeneity) 3 many 2 1

performance effect of the TFT scheme and of optimistic unchoking Yes Yes Partial No
optimistic unchoking reward scenario Yes No No No

time dynamics No Yes Yes Yes

TABLE I
MODEL COMPARISON.

in the literature: [6] and [10]. The reason of choosing these
two results is that [6] presents the �rst mathematical modelfor
BitTorrent systems and [10] is one of the most representative
works that considers network heterogeneity. We refer to themodel
proposed in [6] as the DR's model and to the model proposed in
[10] as the FPK's model. The comparison is summarized in Table
I. (The table also gives a summary of the differences betweenour
two models, which we discussed earlier.)

From Table I we see that among all models, our �rst model
is the most inclusive one. It models all details of a BitTorrent-
like system, except from the system time dynamics. In particular,
it considers the number of concurrent upload connections a user
may have (Z ), the number of neighbors to which a user might be
connected (L ), network heterogeneity, the performance effect of
BitTorrent's TFT scheme and of optimistic unchoking, as well as
the optimistic unchoking reward scenario.

On the other hand, the DR's and FPK's models (as well as our
second model), consider the system's time dynamics but under
some approximations/simpli�cations. The DR's model considers
system time dynamics in a homogeneous BitTorrent system,
where all users have the same capacities. The FPK's model
incorporates network heterogeneity (two classes of users)into
the DR's model. It also attempts to model the effect of the
optimistic unchoking and of the TFT scheme. However, it does
not accurately capture how these affect system performancein
realistic scenarios. In particular, the model assumes thatusers
provide to other users astatic/�xedproportion of their upload link

capacity, in the sense that this proportion remains constant over
time. But the actual computation of this proportion is much more
involved, as we have shown in this paper. One must consider, for
example, the exact number of concurrent upload connections(Z ),
the peer capacity distribution, the different user arrivalrates and
how these might change over time, etc. Among the three models
that capture system time dynamics, our second model incorporates
the most details of a BitTorrent system and it is the most general
one. In particular, it accounts for all the system details, except
from the variability in the number of neighbors that a user
might be connected to (L ), and the optimistic unchoking reward
scenario. To our best knowledge, this is also the �rst model that
considers an arbitrary number of user classes in heterogeneous
environments.

Finally, we highlight scenarios where prior models lead to
sizable inaccuracies. We consider a BitTorrent system withtwo
classes of leechers where L-BW and H-BW leechers join with
rate 0:075users/sec and leave the system as soon as they �nish
their downloads. Further, we haveCupL = 100Kbps, CupH =
600Kbps, and all other parameters are the same as before.

We compare simulation results with theoretical results obtained
by our �uid model, the DR's model10, and the FPK's model.
Figure 10 shows the total number of users in the system as a
function of time. We observe from the plot that, as expected,the

10Because the DR's model assumes users' homogeneity, we compute the
average link capacity and use this value in our calculationswhenever we use
this model.



homogeneity assumption (made by the DR's model) results in
signi�cant inaccuracies while our model and FPK's model can
accurately capture simulation results. In Figure 11 we present the
population of H-BW and L-BW users in the system. As mentioned
before, the FPK's model assumes that users provide to other users
a static/�xed proportion of their upload link capacity, denoted in
the model by� . Because [10] only provides a range of feasible
� values rather than an exact one, equal to0:5 � � � 1 in our
scenario, we pick three representative values from the feasible
range and plot the result. We observe from the plot that the
static resource allocation assumption (made by the FPK's model)
leads to sizable inaccuracies for all three different values of � ,
especially for L-BW users, while our model can accurately predict
simulation results.

VIII. C ONCLUSION AND FUTURE WORK

In this paper we have proposed two mathematical models to
study the performance of heterogeneous BitTorrent-like systems
under different scenarios. The �rst model is very accurate in
predicting the system performance in steady-state scenarios. The
second model can also be used to study time-dynamics, it is
simpler and more general, but it is also less accurate.

We have also proposed a �exible token-based TFT scheme that
can be used to suppress the performance of freeriders, as well as
tradeoff between overall system performance and fairness of high-
bandwidth users. We have extended our mathematical models in
order to predict the system performance under the proposed token-
based scheme.

As future work, we plan to incorporate in the �uid model
the fact that users may leave the system before �nishing their
downloads, as well as to relax the assumption that users always
have suf�cient neighbors of the same class to connect to. Finally,
we plan to use the models to address practical questions related
to the design and operation of BitTorrent-like systems,e.g.to �nd
the protocol parameter values (number of neighbors (L ), number
of uploads connections (Z ), etc.) that yield the best download
rates and delays, given, for example, the peer distribution, and
the capacities and arrival rates of users.
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